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Azobenzene-containing glassy nematic sheets deform in response to light in a complicated way depend-
ing on director distribution. To quantify the large-deﬂected deformation, a theoretical model is developed
for the sheets with typical splay-bend and twist director distributions. A third-order in-plane displace-
ment assumption is adopted to characterize the effect of transverse shear deformation, and the necessity
is discussed through two examples for which analytical solutions are obtainable. Though this work is an
extension of the third-order shear deformable theory for anisotropic laminates, it involves some new
ingredients such as varying spontaneous strains and special material symmetries. The results are
expected useful for analysis and design of the glassy nematic sheets in actuation applications.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Nematic glasses and elastomers with azobenzene moieties
deform quickly and reversibly in response to low intensity UV light
(Finkelmann et al., 2001; Warner and Terentjev, 2003; Yu et al.,
2003; Zhao and Ikeda, 2009). The phenomenon originates from
photo-isomerization of the azobenzene moieties which, upon irra-
diation, are transferred from the elongated trans-state to the
strongly bent cis-state. This disturbs the nematic order and results
in spontaneous contraction and expansion along and perpendicular
to the molecular director, respectively. Blue–green light has also
been used to deform the materials (Lee et al., 2012), but the
mechanism for deformation is a trans–cis–trans isomerization,
including some reorientation of the trans isomers. The unique
photo-responsivity provides an efﬁcient way of transferring energy
to the working element without the need for electrodes and wires,
and thus makes the nematic solids extremely attractive for actua-
tion applications, especially in the situation when remote address-
ing is desired (Camacho-Lopez et al., 2004; Lee et al., 2011; Modes
et al., 2013; van Oosten et al., 2009).
We are concerned in this work with nematic glasses. Due to the
high cross-linking density, chain motion in these materials is
highly limited so that they have high elastic moduli in the
gigapascal range (Mol et al., 2005; van Oosten et al., 2007). Thoughthe spontaneous strains are only a few percent, the director is not
independently mobile from the elastic matrix as it is in elastomers
and thus is controllable. Indeed, glassy nematic sheets with various
director distributions can be fabricated (de Haan et al., 2012; van
Oosten et al., 2007), allowing the photomechanical responses to
be well engineered. Splay-bend and twist distributions are most
typical. The architectures are shown in Fig. 1a and b, referring a
global coordinate system (x1, x2, x3) whose x1  x2 plane coinciding
with the mid-plane of the sheet, and a local system ðx01; x02; x03Þ ﬁxed
to the director with the x03 axis along the director. In the splay-bend
sheet, the director orientation changes continuously in the x1  x3
plane from along the x1 direction on the upper to along the x3
direction on the lower surface, making an angle / = p(1  2x3/h)/
4 with the x1 axis at a point of thickness coordinate x3. In the twist
sheet, the director rotates smoothly about the x3 axis on traversing
the thickness and alters the orientation from parallel to the x1
direction on the top to parallel to the x2 direction on the bottom
surface, also making an angle / = p(1  2x3/h)/4 with the x1 axis.
These director ﬁelds lead to gradient mechanical responses of the
sheets across the thickness, so that bend can occur even if the
photoexcitation is uniform.
Some efforts have been made to explore the inﬂuence of the
complex director distributions on photo-induced deformation of
the nematic sheets. Based on elastic isotropy and small deforma-
tion, Warner et al. (2010) derived curvatures of free-standing
splay-bend and twist beams. The results indicate that a splay-bend
beam bends only in one direction upon illumination while a twist
Fig. 1. Two typical director distributions in a glassy nematic sheet: (a) splay-bend,
and (b) twist.
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(2010) further examined the effect of elastic anisotropy and found
that it plays no qualitative role in affecting the weak response of
the nematic beams with anisotropic spontaneous strains. Recently,
He (2013) developed a three-dimensional model to predict small
deformations of constrained splay-bend and twist sheets based
on isotropic elasticity. Application of the model to free-standing
nematic sheets indicated that the results given by Warner et al.
(2010) are universal in the sense that they are valid for arbitrary
geometries. Smith et al. (2014) proposed a theoretical framework
for nematic beams under irradiation of polarized light. An interest-
ing design of light driven ﬂexural–torsional deformation was also
illustrated with experimental conﬁrmation. Despite these pro-
gresses, however, a comprehensive model which accounts for the
collaborative effects of director distribution, geometric shape,
external load and large deﬂection of a nematic sheet is still lacking.
Indeed, varying director orientation causes elastic anisotropy and
inhomogeneity and thus results in complicated deformation and
stress distribution in a nematic solid, but the current knowledge
about this is limited only to free-standing sheets (Modes et al.,
2010). An external normal load and a special director distribution
(e.g. splay-bend) both induce transverse shearing, the combined
effect determines the bending behavior of a nematic sheet and
therefore must be well characterized in theoretical modeling.
Moreover, it is common for nematic sheets with large span-to-
thickness ratio that the deﬂection is equal to or larger than the
thickness. In this situation the linear elasticity theory ceases towork, and geometric nonlinearity has to be incorporated into the
analysis.
Motivated by the above reason, we propose here a general
model for photo-induced deformation of glassy splay-bend and
twist nematic sheets. In comparison with our previous work (He,
2013), the present study takes into account not only the elastic
anisotropy and inhomogeneity, but also arbitrary normal load
and geometric nonlinearity. The paper is organized as follows. In
the next section, the anisotropic spontaneous strains and stress–
strain relations of the two types of nematic sheets are given. A dis-
placement expression which satisﬁes the equilibrium condition of
transverse shear stress on the top and bottom surfaces of the sheet,
as in the third-order plate theory (Reddy, 1984a, b), is constructed
in Section 3. In Section 4, the geometrically nonlinear governing
equations and the associated boundary conditions of the sheets
are derived via the principle of virtual work. Two illustrative exam-
ples for the photo-induced deformation of cantilevered splay-bend
and twist strip-like sheets are analyzed and discussed in Section 5,
followed by a brief conclusion in Section 6. Throughout this paper,
without special elucidation, a Latin subscript runs from 1 to 3
while a Greek one takes values of 1 or 2, with repeated subscripts
meaning summation. In addition, a comma stands for differentia-
tion with sufﬁx coordinate.
2. Spontaneous strains and stress–strain relations
We start with considering an arbitrarily shaped nematic sheet
of thickness h, illuminated on the upper surface by a perpendicular
incident UV light of intensity I0. The director distribution may be
either splay-bend or twist. To describe the photomechanical
response of the entire sheet, we ﬁrst give the local spontaneous
strains and stress–strain relation with respect to the local coordi-
nate system ðx01; x02; x03Þ. The global spontaneous strain distributions
and stress–strain relations referring the (x1, x2, x3) system then are
obtained separately for the splay-bend and twist director
conformations by coordinate transformation.
2.1. Local photomechanical response
The illumination not only causes spontaneous contraction and
expansion along and normal to the director, but also gives rise to
temperature change relative to the non-illuminated state. Since
the nematic sheet is very thin (typically 10 lm), it is assumed that
the temperature change is uniform over the sheet. The adsorption
of the azobenzenemoieties in the photo-stationary UV-illuminated
state is isotropic, and the light intensity attenuates exponentially
with the penetration depth according to Beer’s law. Therefore,
when the intensity I0 is low, the local spontaneous strains e0ij at a
point (x1, x2, x3) in a splay-bend or twist sheet can be written
system as (Corbett and Warner, 2006; van Oosten et al., 2007)
e011 ¼ e022 ¼ e? ¼ uP?I0eux3=d þ a?DT;
e033 ¼ ek ¼ uPkI0eux3=d þ akDT;
ð1Þ
with respect to the ðx01; x02; x03Þ. Here the symbols ‘‘k’’ and ‘‘?’’ denote
effects along and perpendicular to the director, respectively, u is
the fraction of azobenzene monomer, P stands for the photocompli-
ance, a is the thermal expansion coefﬁcient, and d means the
attenuation length per fraction azobenzene.
The spontaneous strains result in the deformation of the sheet.
For a complete characterization, ﬁve independent elastic constants
are required: two Young’s moduli Ek and E?, two Poisson’s ratios mk
and m?, and one shear modulus G. In the local coordinate system
ðx01; x02; x03Þ, the relationship between the stress r0ij and strain e0ij is
expressed by (Modes et al., 2010)
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where
c011¼
ðEk m2kE?ÞE?
ð1þm?Þ ð1m?ÞEk 2m2kE?
h i ; c012 ¼ ðm?Ek þm2kE?ÞE?ð1þm?Þ ð1m?ÞEk 2m2kE?h i ;
c013¼
mkEkE?
ð1m?ÞEk 2m2kE?
; c033 ¼
ð1m?ÞE2k
ð1m?ÞEk 2m2kE?
; c044 ¼2G:
ð3Þ2.2. Global stress–strain relation for a splay-bend sheet
For a glassy nematic sheet with splay-bend director distribution
described in Fig. 1a, the expressions of the spontaneous strains eij
in the global coordinate system are obtained from Eq. (1) as
e11¼ ek cos2 /þe? sin2 /; e22¼ e?; e33¼ ek sin2 /þe? cos2 /;
e23¼ e32¼0; e13¼ e31¼ðek e?Þ sin/ cos/; e12¼ e21¼0;
ð4Þ
and the corresponding stress–strain relation reads
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with the effective elastic coefﬁcients cij being given by
c11¼ c011 sin4 /þ2ðc013þc044Þ sin2 / cos2 /þc033 cos4 /;
c12¼ c012 sin2 /þc013 cos2 /;
c13¼ c013 sin4 /þðc011þc0332c044Þ sin2 / cos2 /þc013 cos4 /;
c15¼2ðc033c013c044Þ sin/ cos3 /2ðc011c013c044Þ sin3 / cos/;
c22¼ c011;
c23¼ c013 sin2 /þc012 cos2 /;
c25¼2ðc013c012Þ sin/ cos/;
c33¼ c033 sin4 /þ2ðc013þc044Þ sin2 / cos2 /þc011 cos4 /;
c35¼2ðc011c013c044Þ sin/ cos3 /þ2ðc033c013c044Þ sin3 / cos/;
c44¼ c044 sin2 /þðc011c012Þ cos2 /;
c46¼ðc012c011þc044Þ sin/ cos/;
c55¼ c044 sin4 /þ2ðc011þc0332c013c044Þ sin2 / cos2 /þc044 cos4 /;
c66¼ðc011c012Þ sin2 /þc044 cos2 /:
ð6Þ
Since cij vary with x3, the elastic property of the splay-bend ﬁlm
is inhomogeneous across the thickness.
2.3. Global stress–strain relation of a twist sheet
For a glassy nematic sheet with twist director distribution as
described in Fig. 1b, the expressions of the spontaneous strains
in the global coordinate system aree11¼ ek cos2 /þe? sin2 /; e22¼ ek sin2 /þe? cos2 /; e33¼ e?;
e23¼ e32¼0; e13¼ e31¼0; e12¼ e21¼ðek e?Þ sin/ cos/;
ð7Þ
and the corresponding stress–strain relation becomes
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where the effective elastic coefﬁcients cij are as follows
c11¼ c011 sin4 /þ2ðc013þc044Þ sin2 / cos2 /þc033 cos4 /;
c12¼ c013 sin4 /þðc011þc0332c044Þ sin2 / cos2 /þc013 cos4 /;
c13¼ c012 sin2 /þc013 cos2 /;
c16¼2ðc033c013c044Þ sin/ cos3 /2ðc011c013c044Þ sin3 / cos/;
c22¼ c033 sin4 /þ2ðc013þc044Þ sin2 / cos2 /þc011 cos4 /;
c23¼ c013 sin2 /þc012 cos2 /;
c26¼2ðc011c013c044Þ sin/ cos3 /þ2ðc033c013c044Þ sin3 / cos/;
c33¼ c011;
c36¼2ðc013c012Þ sin/ cos/;
c44¼ c044 sin2 /þðc011c012Þ cos2 /;
c45¼ðc012þc044c011Þ sin/ cos/;
c55¼ðc011c012Þ sin2 /þc044 cos2 /;
c66¼ c044 sin4 /þ2ðc0112c013þc033c044Þ sin2 / cos2 /þc044 cos4 /:
ð9Þ
Again, the elastic property of the twist ﬁlm is inhomogeneous
across the thickness.
3. Kinetic assumptions
In view of the complexity caused by elastic anisotropy and
inhomogeneity, exact solution to photomechanical response of
the nematic sheet is hard to obtain in a general case. The objective
of this work is to develop an approximate model which can
describe large deﬂections of the sheets with sufﬁcient accuracy.
Keeping this in mind, we utilize the third-order displacement
assumption (Reddy, 1984a, b),
ua ¼ u0a þ nax3 þ gax23 þ 1ax33;
u3 ¼ u03;
ð10Þ
and write the strain–displacement relation according to the Föppl-
von Kármán plate theory (Landau and Lifshitz, 1959),
eab ¼ 12 ðua;b þ ub;a þ u3;au3;bÞ;
ea3 ¼ 12 ðua;3 þ u3;aÞ:
ð11Þ
Here u0i are the displacement components at the mid-plane
x3 = 0, and na, ga, 1a are unknown functions of x1 and x2. Then
the transverse shear strain
ea3 ¼ 12 ðna þ u
0
3;aÞ þ gax3 þ
3
2
1ax23; ð12Þ
exhibits a parabolic distribution across the thickness. For simplicity,
the nematic sheet is assumed free of any shear tractions on the top
and bottom surfaces, i.e.
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The condition will be used to reduce the number of the
unknown functions in Eq. (10), as detailed in the following for
the splay-bend and twist director distributions separately.
3.1. Displacement and strain in a splay-bend sheet
As in almost all approximate theories of plates, the normal
stress r33 in the sheet can be neglected because its magnitude is
much smaller than the other stress components. In this case we
can solve the term e33  e33 from the third equation in Eq. (5)
and rewrite the stress–strain relation for a splay-bend sheet as
r11
r22
r23
r13
r12
8>>>><
>>>:
9>>>>=
>>>;
¼
c11 c12 0 c15 0
c12 c22 0 c25 0
0 0 c44 0 c46
0 0 0 c55 0
0 0 c46 0 c66
2
6666664
3
7777775
e11  e11
e22  e22
e23
e13  e13
e12
8>>>><
>>>:
9>>>>=
>>>;
; ð14Þ
where cij are the reduced elastic coefﬁcients deﬁned by
c11 ¼ c11  c213=c33; c12 ¼ c12  c13c23=c33; c15 ¼ c15  c13c35=c33;
c22 ¼ c22  c223=c33; c25 ¼ c25  c23c35=c33; c44 ¼ c44;
c46 ¼ c46; c55 ¼ c55; c66 ¼ c66:
ð15Þ
We can see that the transverse shear stress ra3 depends not
only on ea3 but also on e12 or e13. Yet, due to c46 ¼ 0 and e13 ¼ 0
on the top and bottom surfaces, one can show that the condition
in Eq. (13) is equivalent to ea3 = 0 at x3 = ± h/2. This requires that
na þ u03;a þ gahþ 3h21a=4 ¼ 0 and na þ u03;a  gahþ 3h21a=4 ¼ 0,
and thus gives
ga ¼ 0; na ¼ u03;a 
3h2
4
1a: ð16Þ
Therefore, Eq. (10) becomes
ua ¼ u0a  x3u03;a þ f ðx3Þna;
u3 ¼ u03;
ð17Þ
and the corresponding strains are
eab ¼ e0ab  x3u03;ab þ
1
2
f ðx3Þð1a;b þ 1b;aÞ;
ea3 ¼ 12 f
0ðx3Þ1a;
ð18Þ
where
f ðx3Þ ¼ x33 
3h2
4
x3;
e0ab ¼
1
2
u0a;b þ u0b;a þ u03;au03;b
 
:
ð19Þ
The displacement and strain expressions now involve only ﬁve
independent unknown functions u0a, u
0
3 and 1a. Evidently, u0a and u03
are the in-plane and out-of-plane displacements of the mid-plane,
respectively, while 1a is relevant to the rotation of the normal to
the mid-plane. If we set 1a = 0, Eqs. (17) and (18) are reduced to
the displacement and strain expressions in the classical plate
theory (CPT) (Landau and Lifshitz, 1959).
3.2. Displacement and strain in a twist sheet
The above procedure equally applies a twist nematic sheet.
Upon neglecting the normal stress r33, the reduced stress–strain
relation isr11
r22
r23
r13
r12
8>>>><
>>>:
9>>>>=
>>>;
¼
c11 c12 0 0 c16
c12 c22 0 0 c26
0 0 c44 c45 0
0 0 c45 c55 0
c16 c26 0 0 c66
2
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3
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e11  e11
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e23
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e12  e12
8>>>><
>>>:
9>>>>=
>>>;
; ð20Þ
in which
c11¼ c11c213=c33; c12¼ c12c13c23=c33; c16¼ c16c13c36=c33;
c22¼ c22c223=c33; c26¼ c26c23c36=c33; c44¼ c44;
c45¼ c45; c55¼ c55; c66¼ c66c236=c33:
ð21Þ
Different from the case of splay-bend sheet, the transverse
shear stress ra3 now is dependent only on the shear strain ea3.
Because c44 ¼ c55 – c45 on the top and bottom surfaces of the sheet
as seen from Eq. (9), the condition in Eq. (13) can also be replaced
by ea3 = 0 at x3 = ± h/2. Hence, for the twist nematic sheet, the
results in Eq. (16) still hold, and the expressions of the
displacement and strain are exactly the same as those given in
Eqs. (17)–(19).
4. Governing equations and boundary conditions
We will derive the governing equations and boundary
conditions for the nematic sheets in light of the kinetic assumption
in the preceding section. To do so, use is made of the principle of
virtual work,Z
V
rab deab þ 2ra3 dea3
 
dV 
Z
A
Q du3 dA ¼ 0; ð22Þ
where V is the volume of the sheet, A is the area of the mid-plane, Q
is a vertically applied external load, and d denotes the variational
operator. Upon the substitution of the strains in Eq. (18), we arrive
from Eq. (20) after some variational calculation atR
C Nabnbdu
0
aþ Mab;aþNabu03;a
 
nbdu03Mabnbdu03;aþLabnbd1a
 
dC
RA Nab;bdu0aþ Mab;abþNabu03;abþNab;bu03;aþQ du03
þðLab;bQaÞd1a

dA¼0;
ð23Þ
in which na denotes the unit outward normal to the contour C of
the mid-plane, and Nab, Mab, Lab and Qa are deﬁned by
Nab ¼
Z h=2
h=2
rabdx3; Mab ¼
Z h=2
h=2
rabx3dx3;
Lab ¼
Z h=2
h=2
rabf ðx3Þdx3; Qa ¼
Z h=2
h=2
ra3f 0ðx3Þdx3:
ð24Þ
Apparently, Nab and Mab correspond to the usual membrane
force and bending moment, respectively, but Lab and Qa are
introduced only for convenience, though their meanings may be
interpreted by invoking the expression of f(x3) in term of the
higher-order moments of rab and ra3. As du0a, du03 and dna are arbi-
trary, their coefﬁcients in must vanish, thereby resulting in the
equilibrium equations
Nab;b ¼ 0;
Mab;ab þ Nabu03;ab þ Q ¼ 0;
Lab;b  Qa ¼ 0;
ð25Þ
where the term Nab;bu03;a has been dropped in the second line in
view of Nab,b = 0. The associated boundary conditions can be
prescribed as follows: specify on C
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ðMab;a þ Nabu03;aÞnb or du03
Mabnb or du03;a
Labnb or d1a:
ð26Þ
These equilibrium equations and boundary conditions are
general as they do not explicitly involve the material properties.
Yet, the difference between a splay-bend and a twist sheet will
be clearly seen when we substitute their stress–strain relations
into the deﬁnitions of the resultant forces and moments. The
results are given in the following, where some notations are
introduced as
½Akl; Bkl; Dkl ¼
Z h=2
h=2
ckl½1; x3; x23dx3;
½Ekl; Fkl; Gkl ¼
Z h=2
h=2
ckl½1; x3; f ðx3Þ f ðx3Þdx3;
½Pkl; Qkl; Rkl Skl ¼
1
2
Z h=2
h=2
ckl½1; x3; f ðx3Þ; f 0ðx3Þ f 0ðx3Þdx3;
ð27Þ
with k and l taking values from 1 to 6.
4.1. Resultant forces and moments of a splay-bend sheet
For a splay-bend sheet, substituting Eq. (15) into Eq. (27)
followed by invoking Eqs. (6) and (19) as well as / = p(1  2x3/
h)/4 gives
Q46 ¼ 0; R46 ¼ 0; E46 ¼ 0: ð28Þ
Then the resultant forces and moments read
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in which Nab, M

ab, L

ab and Q

a are given by
N11; M

11; L

11
  ¼ Z h=2
h=2
ðc11e11 þ c12e22 þ c15e13Þ½1; x3; f ðx3Þdx3;
N22; M

22; L

22
  ¼ Z h=2
h=2
ðc12e11 þ c22e22 þ c25e13Þ½1; x3; f ðx3Þdx3;
Q 1 ¼
Z h=2
h=2
c55e13f
0ðx3Þdx3: ð30Þ4.2. Resultant forces and moments of a twist sheet
For a twist nematic sheet, a detailed calculation indicates that
B12 ¼ 0; B66 ¼ 0; E12 ¼ 0; E66 ¼ 0; Q66 ¼ 0; R66 ¼ 0;
ð31Þ
and
A11 ¼ A22; A16 ¼ A26; B11 ¼ B22; B16 ¼ B26;
D11 ¼ D22; D16 ¼ D26; E11 ¼ E22; E16 ¼ E26;
F11 ¼ F22; F16 ¼ F26; G11 ¼ G22; G16 ¼ G26;
P16 ¼ P26; Q16 ¼ Q26; R16 ¼ R26; S44 ¼ S55:
ð32Þ
Therefore, substituting Eq. (8) into Eq. (24) provides
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>>:
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ð33Þ
with Nab, M

ab and L

ab being deﬁned by
N11; M

11; L

11
  ¼ Z h=2
h=2
ðc11e11 þ c12e22 þ c16e12Þ½1; x3; f ðx3Þdx3;
N22; M

22; L

22
  ¼ Z h=2
h=2
ðc12e11 þ c22e22 þ c26e12Þ½1; x3; f ðx3Þdx3;
N12; M

12; L

12
  ¼ Z h=2
h=2
ðc16e11 þ c26e22 þ c66e12Þ½1; x3; f ðx3Þdx3:
ð34Þ5. Examples and discussions
To demonstrate the application of the developed model, we
analyze a strip-like nematic sheet that is inﬁnite in the x2 direction
but has a ﬁnite width l in the x1 direction. The sheet is cantilevered
at x1 = 0 and free at x1 = l. In this condition u01, u
0
2, u
0
3, 11 and 12 are
all functions of only x1, so that the equilibrium equations are
reduced to
N11;1 ¼ 0; N12;1 ¼ 0;
M11;11 þ N11u03;11 ¼ 0;
L11;1  Q1 ¼ 0; L12;1  Q2 ¼ 0;
ð35Þ
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u01 ¼ u02 ¼ u03 ¼ u03;1 ¼ u03;2 ¼ 11 ¼ 12 ¼ 0; at x3 ¼ 0;
N11 ¼ N12 ¼ M11;1 ¼ M11 ¼ M12 ¼ L11 ¼ L12 ¼ 0; at x3 ¼ l:
ð36Þ
Effectively, the ﬁrst two equations in Eq. (35) can be integrated
in combination with Eq. (36), and ﬁnally the equilibrium equations
are simpliﬁed as
N11 ¼ 0; N12 ¼ 0; M11 ¼ 0;
L11;1  Q1 ¼ 0; L12;1  Q2 ¼ 0:
ð37Þ
Since we are interested mainly in the photo-induced deforma-
tion, the effect of temperature change will be omitted for simplic-
ity. The related material and geometric parameters in the
computation are taken as (van Oosten et al., 2007)
Ek ¼ 1:3 GPa; E? ¼ 0:6 GPa; G¼ 0:24 GPa; mk ¼ m? ¼ 0:25;
Pk ¼ 1:7 cm2=W; P? ¼ 0:7 cm2=W; d¼ 230 nm; h¼ 10lm;
I0 ¼ 100mW=cm2; u¼ 4%:
ð38Þ
5.1. Bending of a cantilevered splay-bend sheet
For a splay-bend sheet, we further assume u02 ¼ 0 and 12 = 0.
The equilibrium equations in Eq. (37) then become
A11e011  B11u03;11 þ E1111;1 þ P1511  N11 ¼ 0;
B11e011  D11u03;11 þ F1111;1 þ Q1511 M11 ¼ 0;
E11e011;1  F11u03;111 þ G1111;11 þ R1511;1  S5511 þ Q 1 ¼ 0:
ð39Þ
Solving the ﬁrst two equations above yields
e011 ¼ a1111;1 þ a1211  n11;
u03;11 ¼ a2111;1 þ a2211 m11;
ð40Þ
with
a11 a12
a21 a22

 
¼  A11 B11
B11 D11

 1 E11 P15
F11 Q15

 
;
n11
m11
 	
¼  A11 B11
B11 D11

 1 N11
M11
 	
:
ð41Þ
Substitution of Eq. (40) into the third line in Eq. (39) gives
a11;11 þ b11;1  11 þ q1 ¼ 0; ð42Þ
where
a ¼ G11 þ a11E11  a21F11
S55
; b ¼ R15 þ a12E11  a22F11
S55
; q1 ¼
Q 1
S55
:
ð43Þ
The solution satisfying the boundary condition (36) reads
11 ¼ c1ek1x1  c2ek2x1 þ q1; ð44Þ
in which
k1 ¼  bþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2 þ 4a
p
2a
; k2 ¼  b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2 þ 4a
p
2a
;
c1 ¼ a

1E11  a2F11 þ L11
aðk1ek2 l  k2ek1 lÞS55 
ðak1ek2 l þ bÞq1
aðk1ek2 l  k2ek1 lÞ ;
c2 ¼ a

1E11  a2F11 þ L11
aðk1ek2 l  k2ek1 lÞS55 
ðak2ek1 l þ bÞq1
aðk1ek2 l  k2ek1 lÞ :
ð45Þ
With the aid of these results, we can obtain from Eq. (40) that
e011¼ c1ðk1a11þa12Þek1x1 c2ðk2a11þa12Þek2x1 þa12q1n11;
u03¼ c1
k1a21þa22
k21
ðek1x1 k1x11Þc2 k2a21þa22
k22
ðek2x1 k2x11Þ
þa22q

1m11
2
x21: ð46ÞNote that the expressions of e011, u03 and 11 hold regardless of
whether the deﬂection of the strip is large or small. The effect of
geometric nonlinearity appears only when we derive u01 from the
expression of e011.
For comparison, we will compare the above results with those
predicted by the classical plate theory (CPT). The latter can be
obtained simply by setting 11 = 0 and f(x3) = 0 in the present model.
In this condition we know from Eq. (27) that Eij = Fij = Gij = Pij = Qij =
Rij = Sij = 0 (i, j = 1  6), and further aab = 0. Accordingly, Eq. (46)
is reduced to e011 ¼ n11 and u03 ¼ m11x21=2, which are now
independent of the width l of the sheet.
5.2. Bending of a cantilevered twist sheet
For a twist nematic sheet, the equilibrium equations can be
written as
A11e011þA16e012B11u03;11þE1111;1þ
1
2
E1612;1N11 ¼0;
A16e011þA66e012B16u03;11þE1611;1N12 ¼0;
B11e011þB16e012D11u03;11þF1111;1þ
1
2
F1612;1M11 ¼0;
E11e011;1þE16e012;1F11u03;111þG1111;11þ
1
2
G1612;11S4411S4512 ¼0;
E16e011;1F16u03;111þG1611;11þ
1
2
G6612;11S4511S4412 ¼0:
ð47Þ
The solution process is similar to that for the splay-bend strip.
That is, we ﬁrst obtain from the ﬁrst three equations that
e011 ¼ b1111;1 þ b1212;1  n11;
e012 ¼ b2111;1 þ b2212;1  n12;
u03;11 ¼ b3111;1 þ b3212;1 m11;
ð48Þ
with
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2
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B11 B16 D11
2
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2
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775
1 N11
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>:
9>>=
>;;
ð49Þ
and then insert the results into the ﬁrth and ﬁfth equations so as to
arrive at
a111;11 þ b112;11  S4411  S4512 ¼ 0;
a211;11 þ b212;11  S4511  S4412 ¼ 0;
ð50Þ
in which
a1 ¼ G11 þ b11E11 þ b21E16  b31F11;
b1 ¼ b12E11 þ b22E16  b32F11 þ
1
2
G16;
a2 ¼ G16 þ b11E16  b31F16;
b2 ¼ b12E16  b32F16 þ
1
2
G66:
ð51Þ
The solution of Eq. (50), which satisﬁes the boundary
conditions, is
11 ¼ c1 sinhðk1x1Þ þ c2 sinh ðk2x1Þ;
12 ¼
k21  k11
k12
c1 sinhðk1x1Þ þ k
2
2  k11
k12
c2 sinh ðk2x1Þ;
ð52Þ
-0.008 -0.006 -0.004 -0.002 0.000 0.002 0.004
-0.5
-0.4
-0.3
-0.2
-0.1
0.0
0.1
0.2
0.3
0.4
0.5
ε
*
22
ε
*
13
ε
*
11
N
or
m
al
iz
ed
 th
ic
kn
es
s c
oo
rd
in
at
e 
x 3
 
/h
Spontaneous strains ε*11, ε
*
13 and ε
*
22
I0 = 100 mW/cm
2
(a)
-0.008 -0.006 -0.004 -0.002 0.000 0.002 0.004
-0.5
-0.4
-0.3
-0.2
-0.1
0.0
0.1
0.2
0.3
0.4
0.5
ε
*
22
ε
*
12
ε
*
11
N
or
m
al
iz
ed
 th
ic
kn
es
s c
oo
rd
in
at
e x
3 
/h
Spontaneous strains ε*11, ε
*
12 and ε
*
22
I0 = 100 mW/cm
2
(b)
Fig. 2. Distributions of spontaneous strains across the thickness of nematic sheets
with (a) splay-bend and (b) twist director distributions.
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k1 ¼ 1ﬃﬃﬃ
2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k11 þ k22 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðk11  k22Þ2 þ 4k12k21
qr
;
k2 ¼ 1ﬃﬃﬃ
2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k11 þ k22 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðk11  k22Þ2 þ 4k12k21
qr
;
c1 ¼ ða1d2  a2d1Þk12 þ ðb1d2  b2d1Þðk
2
2  k11Þ
ða1b2  a2b1Þðk21  k22Þk1 coshðk1lÞ
;
c2 ¼ ða1d2  a2d1Þk12 þ ðb1d2  b2d1Þðk
2
1  k11Þ
ða1b2  a2b1Þðk21  k22Þk2 coshðk2lÞ
;
ð53Þ
and
k11¼b1S45b2S44a1b2a2b1 ; k12¼
b1S44b2S45
a1b2a2b1 ;
k21¼ a1S45a2S44a1b2a2b1 ; k12¼
a1S44a2S45
a1b2a2b1 ;
d1¼n11E11n12E16þm11F11L11; d2¼n11E16þm11F16L12:
ð54Þ
Thus, from Eqs. (48) and (53) it is derivable that
e011 ¼ n11 þ k1c1 b11 þ b12
k21  k11
k12
 !
cosh ðk1x1Þ
þ k2c2 b11 þ b12
k22  k11
k12
 !
cosh ðk2x1Þ;
e012 ¼ n12 þ k1c1 b21 þ b22
k21  k11
k12
 !
cosh ðk1x1Þ
þ k2c2 b21 þ b22
k22  k11
k12
 !
cosh ðk2x1Þ;
u03 ¼ 
m11
2
x21 þ
2c1
k1
b31 þ
k21  k11
k12
b32
 !
sinh 2
k1x1
2
 
þ 2c2
k2
b31 þ
k22  k11
k12
b32
 !
sinh2
k2x1
2
 
:
ð55Þ
Again, the expressions of e011, e012, u03 and 11 depend on the width
l and are valid for both large and small deﬂections. The geometric
nonlinearity comes into play only when we integrate the expres-
sions of u01 and u
0
2 from e011 and e012.
When reduced to the classical plate theory (CPT), we have
bkl = 0 (k ¼ 1 3; l ¼ 1 2). This leads to e011 ¼ n11, e012 ¼ n12
and u03 ¼ m11x21=2, which are also independent of the width of
the twist nematic sheet.
5.3. Numerical results and discussions
Fig. 2a and b illustrate the across-the-thickness distributions of
the spontaneous strains eij in the glassy splay-bend and twist
nematic sheets, respectively. The splay-bend sheet undergoes a
spontaneous transverse shear strain e13 but no in-plane shear
strain e12, and thus bends only in the x1  x3 plane. In contrast,
the twist sheet involves no spontaneous transverse shear strain
e13 but an in-plane shear strain e12, so it not only bends in the
x1  x3 plane but also deforms in the x2 direction. Depicted in
Fig. 3a and b are the normalized deﬂection curves the sheets with
different span-to-thickness ratios of l/h = 6 and 15, respectively,
and the results predicted by CPT are also given for comparison.
Some important features can be observed. First, if other conditions
are the same, the defection of the twist sheet is considerably smal-
ler than that of the splay-bend one. The result is dictated by the
director distributions, meaning that the splay-bend distribution
of directors is more efﬁcient in creating bending. Second, thedeﬂections predicted by the present model and CPT are almost
identical for the twist sheet but observably different for the
splay-bend sheet. The reason is attributed to the effect of trans-
verse shear deformation. In the twist sheet, due to e13 ¼ 0, there
is no transverse shear strain in absence of external normal loads.
This exactly meets the assumption of straight normal to the
deformed mid-plane (Landau and Lifshitz, 1959), so that CPT gives
an accurate prediction for the deformation. Nonetheless, the splay-
bend sheet involves the spontaneous transverse shear strain e13 of
comparable magnitude with e11, its transverse shear deformation
cannot be omitted even if no external normal load is applied. Con-
sequently, CPT fails to provide a very accurate result. The present
model utilizes the third-order displacement assumption and is able
to incorporate the effect of transverse shear deformation. Our pre-
dictions in Fig. 3a and b reveal that the inﬂuence of the transverse
deformation depends on the span-to-thickness ratio l/h of the
sheet, the larger the ratio the smaller the inﬂuence.
0 1 2 3 4 5 6
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14
0.16
TwistN
or
m
al
iz
ed
 d
ef
le
ct
io
n 
u
3/h
Normalized coordinate x1/h
Present
CPT
      l/h=6
Splay-bend
(a)
0 3 6 9 12 15
0.0
0.2
0.4
0.6
0.8
1.0
1.2
TwistN
or
m
al
iz
ed
 d
ef
le
ct
io
n 
u
3/h
Normalized coordinate x1/h
Present
CPT
     l/h=15
Splay-bend
(b)
Fig. 3. Deﬂection curves of the glassy splay-bend and twist strip-like sheets with
different span-to-thickness ratios: (a) l/h = 6, and (b) l/h = 15.
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r11 across the thickness at the center x1 = l/2 of the splay-bend and
twist sheets, where the span-to-thickness ratio is taken as l/h = 10.
It seems that the prediction of CPT is in excellent agreement with
the result of the present model for the twist sheet but exhibits sig-
niﬁcant error for the splay-bend one. The across-the-thickness dis-
tributions of the normalized transverse shear stress r13 at the same
position are plotted in Fig. 5. As expected, the magnitude of r13
within the twist sheet is essentially zero, as given by both CPT
and the present model. However, this is not the case for the
splay-bend nematic sheet. The result of the present model indi-
cates that the stress r13 experiences a transition from positive to
negative along the line from upper to bottom, but CPT always pro-
vides a positive distribution with considerably larger magnitude.
All these reveal that, in absence of external normal loads, CPT
may be used to analyze the photo-induced deformation of glassy
twist nematic sheets. To get accurate displacements and stresses
in illuminated glassy splay-bend nematic sheets, a model which
can take into account the transverse shear strains is needed.6. Conclusions
We have developed a theoretical model for photo-induced
deformation of glassy splay-bend and twist nematic sheets. The
effects of director distribution, photo attenuation, elastic anisot-
ropy and large deﬂection are all taken into account, and the results
are valid for arbitrary sheet geometry, mechanical load and bound-
ary condition. Therefore, we expect that the model may provide a
comprehensive tool for analysis and design of the nematic sheets
in actuation applications.
An important feature of the present work is the utilization of a
third-order in-plane displacement assumption to describe the
inﬂuence of transverse shear deformation. The assumption stems
from the well-known third-order theory of plates and turns out
to be able to predict accurate displacement and stress distributions
in composite laminates (Reddy, 1984a, 1984b). The incorporation
of the transverse shearing though leads to signiﬁcant complexity
in the formulation, it is necessary in general because an external
L.H. He, D.W. Huang / International Journal of Solids and Structures 51 (2014) 3471–3479 3479normal load must be equilibrated by the transverse shear stresses
within a nematic sheet. In fact, our two examples indicate that the
effect of transverse shear deformation may be considerable even in
absence of external mechanical loads, depending on the director
distribution. Since analytical solutions are obtainable only in some
very special cases, an efﬁcient computational tool is obviously
needed to address different geometric shapes as well as loading
and boundary conditions. In this aspect, nonlinear ﬁnite element
(FE) calculation turns out to be powerful, as demonstrated by
recent researches on deformations of nematic elastomers (Dunn,
2007) and polymer networks (Cheng et al., 2012) driven by polar-
ized light. Our next step is to implement the photomechanical con-
stitutive relations of the nematic sheets into some FE programs.Acknowledgments
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